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Abstract
Starting from a well defined local Lagrangian, we analyze the renormalization
group equations in terms of the two different arbitrary scales associated with the reg-
ularization procedure and with the physical renormalization of the bare parameters,
respectively. We apply our formalism to the minimal subtraction scheme using dimen-
sional regularization. We first argue that the relevant regularization scale in this case
should be dimensionless. By relating bare and renormalized parameters to physical ob-
servables, we calculate the coefficients of the renormalization group equation up to two
loop order in the φ4 theory. We show that the usual assumption, considering the bare
parameters to be independent of the regularization scale, is not a direct consequence
of any physical argument. The coefficients that we find in our two-loop calculation are
identical to the standard practice. We finally comment on the decoupling properties
of the renormalized coupling constant.
1 Introduction
With the discovery of a scalar particle with a mass of about 125 MeV, which is by
now identified as the so-called Higgs boson [1], particle physics has entered into a
completely new area. This discovery has led to numerous discussions as far as the
scale of new physics is concerned. In order to have an unambiguous hint on this
scale, either from experimental measurements or from theoretical considerations, it
is however essential to clearly identify the relevant scales inherent to any theoretical
calculation of a physical observable and specify their intrinsic nature. Among them,
we shall disantangle in this study the scale associated to the regularization procedure
from the one associated to the physical renormalization of the bare parameters. These
are often mixed in practical calculations. As we shall argue in this study, the relevant
regularization scale in dimensional regularization (DR) should be dimensionless. It is
also not a physical quantity in the sense that it cannot be determined by any exper-
imental measurement. This is in contrast to what we shall call the renormalization
point which is a measured, dimensionful, physical quantity.
∗e-mail: jean-francois.mathiot@clermont.in2p3.fr
1
ar
X
iv
:1
81
0.
04
93
3v
1 
 [h
ep
-th
]  
11
 O
ct 
20
18
Once this is done, one should rely on well-defined and universal hypothesis in order
to be able to extract meaningful physical patterns. This should be done by always
connecting nonphysical quantities to physical observables. These physical observables,
either calculated theoretically and/or measured experimentally, should be the only
one on which one should rely in order to make theoretical hypothesis. This will
be our guiding principle in order to identify the behavior of the parameters of the
theory, like coupling constants and masses, as a function of the regularization scale or
renormalization point. This is indeed what is already done for the derivation of the
renormalization group (RG) equations from the invariance of the S matrix [2, 3]. This
is however never done in a similar way for the calculation of their coefficients β, γm or
γ.
Finally, one should rely on a well defined Lagrangian which respects the funda-
mental symmetries we attribute to Nature, and in particular gauge and Poincare´
symmetries. We shall consider in our study a local Lagrangian constructed from local
products of field operators or derivatives of field operators. This has the advantage to
avoid the introduction of any had-hoc mass scale - like a finite cut-off in momentum
space used for regularization purposes - which will inevitably pollute the identification
of the relevant physical scale at which new physics should show up. The only relevant
mass scale one should consider in this respect appears in the general expansion of the
Lagrangian in terms of effective operators Oni
L = LSM +
∑
(n,i)≥1
cni Oni
ΛnNP
, (1)
where LSM is the Lagrangian of the Standard Model. In the absence of knowledge of
the most general Lagrangian L, i.e. in the absence of knowledge of the value of the
coefficients cni, the scale ΛNP above which new physics becomes sizeable is unknown.
This local Lagrangian should be well-defined, to start with, from a mathematical
point of view. This can be done for instance using the recently proposed Taylor-
Lagrange regularization scheme (TLRS) which properly takes into account the nature
of quantum fields as operator valued distributions [4, 5]. This is also done, as is well
known, with DR in a space-time of dimension D = 4 − . We shall consider in this
study this latter regularization procedure in order to compare our results with present
calculations in the Standard Model.
The plan of the article is as follows. We discuss in Sec. 2 the general spirit of our
study, with the identification of the relevant scales and the relevant coupling constants
one should consider. The RG equations are derived in Sec. 3 and the calculation of
their coefficients in the two-loop approximation of the φ4 theory is detailed in Sec. 4.
The discussion of our results as well as our conclusions are presented in Sec. 5.
2 General Considerations
2.1 Relevant scales
As mentioned above, it is essential in a first step to recall the relevant scales which
appear in the calculation of any amplitude, and to specify their interpretation. These
scales should be organized in two different sets :
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i) Physical conditions
We can identify two different scales :
• The energy/momentum scales which specify the kinematical conditions of the
experiment. We should consider in principle a whole set of scales in order to
completely fix the kinematics of the initial and/or final states in inclusive, semi-
inclusive or exclusive processes. For simplicity we denote them by Q.
• The masses of all the particles associated with the elementary degrees of freedom
present in the Lagrangian. For simplicity we denote them by m. We assume in
this study that m is strictly nonzero.
ii) Arbitrary scales
Two scales are a priori arbitrary :
• The scale associated to the regularization procedure. We call this scale the
regularization scale and denote it symbolically by η. It is characteristic of the
regularization method which is used to give a mathematical well defined meaning
to the local bare Lagrangian we start from. As we shall argue in this study, this
scale should be considered as dimensionless when using DR. This is already the
case using TLRS [4].
• The energy/momentum scale at which an experiment should be performed in
order to fix the value of the parameters of the Lagrangian. Like Q, it is more
precisely a set of scales, but for simplicity we shall denote them by M . We call
this scale the renormalization point since it fixes the kinematical point where the
physical renormalization of the bare parameters is calculated.
Note that the regularization scale η is defined prior to the choice of a renormal-
ization scheme, while the renormalization point M is chosen independently of the
regularization procedure and renormalization scheme which are used 1. A change of
renormalization scheme can, to some extent, be analyzed in terms of a re-definition
of the regularization scale η. But this does not mean that η is intrinsically linked to
a particular renormalization scheme: η should be first defined independently of any
renormalization scheme before it can be trivially redefined to account for a different
scheme. This redefinition just shows the equivalence between these renormalization
schemes.
We would like to emphasize the quite different nature of these two arbitrary scales.
The first one, η, and the RG equation associated to it denoted by RGE(η), is just
required by the internal consistency of the theoretical framework which is used, inde-
pendently of the relevance of the Lagrangian we start from to describe the dynamics
of the system under consideration. The invariance condition associated to it is com-
pletely independent of the real physical dynamics of this system. It is only related
to the intrinsic property of a theoretically calculated physical observable - this one
should be independent of the regularization scale - but by no means to the ability of
this theoretical quantity to accurately describe an experimental physical measurement
in a large domain of Q, i.e. to describe real physical dynamics. We shall call this in-
variance a weak invariance condition. One should not give it any physical significance.
1 The term “renormalization” in “renormalization point” refers here to the physical renormalization
of the bare parameters, as it appears for instance in any interacting many-body system, and do not refer
whatsoever to the choice of a particular “renormalization scheme”.
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The dimensionless nature of this scale prevents indeed any attempt to interpret it in
terms of a particular physical scale like Q.
Since the scale M refers to an experimental measurement, the independence of
physical observables on M , leading to its RG equation RGE(M), on the other hand,
is true and only true if the dynamics of the system under consideration is reasonably
well accounted for by the Lagrangian we start from, in a given domain of energy
and provided the calculations are performed with an appropriate accuracy. This RG
equation is therefore the only one which should be used if true physical patterns are
searched for. It is independent of the choice of a particular regularization procedure
or a particular renormalization scheme. In this sense it is universal, in contrast to
RGE(η). The choice of M is a question of taste and feasibility of the experiment.
This invariance condition is called a strong invariance condition since it requires to
reproduce experimental physical measurements in a large domain of Q, i.e. to repro-
duce physical reality within some accuracy in a given energy range. Note that the
strong invariance condition implies the weak one, but the reverse is of course not true.
This confirms the different nature of η and M .
2.2 Bare and physical coupling constants
We can identify a priori two fundamental and uniquely defined coupling constants.
The first one is the bare coupling constant2, denoted by g0, as it appears in the
bare Lagrangian we start from. The second one is the physical coupling constant
calculated at the scale M and denoted by gM . It can, in principle, be measured
experimentally, except for well known cases as we shall comment at the end of this
section. These two coupling constants are represented schematically by the diagrams of
Fig. 1, in the ideal case of a 4-legs coupling constant. The physical coupling constant
is determined directly from a measurement of the scattering amplitude at the two
particular kinematical scales s0 and t0, with M ≡ (√s0,
√|t0|). Note that these
two coupling constants are well identified prior to the choice of any regularization
procedure or any renormalization scheme.
By definition, gM does depend on M only. Since it is a physical observable, it
cannot depend on the arbitrary regularization scale η. We shall thus denote it by
gM (M). On the contrary, g0 should depend a priori on η but not on M . We denote it
by g0(η). It is clear that g0 cannot depend on M , otherwise any physical observable,
calculated at an arbitrary value of Q, would depend on M , since any amplitude,
amputated from the bare coupling constant, does not depend explicitly on M at any
order of perturbation theory. Its dependence on η originates from the fact that the
Lagrangian density - which is not a physical observable - should depend on the way
it is (mathematically well) defined, i.e. on the regularization procedure. Using TLRS
for instance [4], it should depend on the way the fields are defined in order to give
a mathematical meaning to the product of field operators - considered as operator-
valued distributions - at the same point. This exhibits naturally a dimensionless
parameter η, associated with the scaling properties in the ultraviolet limit. Using
DR, it should depend on the dimensionality of the space-time, and hence on the “unit
of mass”, called µ, necessary to give the right dimensionality to the coupling constant
2We restrict ourself for simplicity in this study to only one interaction term in the bare Lagrangian.
The extension to many couplings can be done similarly.
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Figure 1: Bare (g0) and physical (gM ) coupling constants in a φ4-type theory.
in D dimensions [6]. This “unit of mass” should be defined with respect to a single
measured mass scale, which we call M0. We thus write it as
µ ≡ η M0, (2)
where η is an arbitrary dimensionless scale. Since M0 is a measured quantity, it can
always be chosen to be non zero. Note that one should not assume a priori any given
dependence (or independence) of g0 on the regularization scale η, but just calculate
it from first principles, as we shall show in Sec. 4. By many aspects, M0 should be
considered as a true unit of mass, by analogy with the units of length and time. Any
measure of a nonzero mass or kinematical variable, like for instance m or M , implicitly
assumes the choice of a given unit of mass M0. Since µ is not a measured quantity,
M0 should be specified by hand.
We shall illustrate our purpose in the following by using DR with two different
renormalization schemes. As it is well known, one considers in this case an auxil-
iary coupling constant, called also “renormalized” and denoted by gR. This coupling
constant is defined by adding appropriate counterterms to the original Lagrangian in
order to cancel, in perturbation theory, the poles in n, up to an arbitrary constant
which may depend a priori on η and/or M . In the minimal subtraction (MS) scheme,
and its variants, one just removes by hand these poles, up to irrelevant constants.
In the on-mass shell (OMS) scheme, the renormalized coupling constant is identi-
fied with the physical one gM , assuming perturbation theory is adequate in order to
calculate gM (M). Note that g0 and gM can be defined or measured for any value
of these coupling constants, in the perturbative as well as non-perturbative regimes,
while gR can only be defined in the perturbative domain through the construction of
the counterterms.
The two coupling constants g0(η) (or equivalently gR(η) in the MS scheme) and
gM (M) refer to two separate properties. The first one is a property of the bare
local Lagrangian we start from, without any knowledge of the physical state which is
realized in Nature in a given domain of energy. This physical state is a solution of the
equations of motion. In contrast, the second one is, by definition, a property of this
physical state at the energy scale M . This distinction will be of utmost importance
for systems showing spontaneous symmetry breaking, like QCD, as we shall comment
in Sec. 5.
The above discussion should, of course, be applied with some care for QCD since
the relevant degrees of freedom are not asymptotic states in this case. One cannot,
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therefore, consider a direct measurement of gM . It is however well known [7, 8] that
one can consider alternatively other simple observables, like the e+e− annihilation, the
DIS cross-sections, or the Bjorken sum rule, in order to define an effective charge, up to
scale-independent factors. This is also the case when the coupling constant cannot be
determined experimentally at an arbitrary value for M with on-shell external particles,
like in QED for instance [9]. All the derivations we detail in this study apply as well
in these cases. A similar strategy is of course also possible for the mass parameter.
3 The Renormalization Group Equations
3.1 Derivation of the equations
The RG equations RGE(η) and RGE(M) are derived from the invariance of the S
matrix with respect to the variation of the arbitrary scales η and M , respectively.
Doing this, one should first specify which parameters should be kept fixed. According
to our discussion in Subsec. 2.2, RGE(η) should be derived with the physical param-
eters kept fixed, since these are independent of η, while RGE(M) should be derived
with the bare parameters kept fixed, since these are independent of M . Note that the
invariance of the S matrix is only true in the physical world, i.e. at  = 0. We thus
get, for the η dependence,[
η
∂
∂η
+ βRη
∂
∂gR
+mR γ
R
m,η
∂
∂mR
]
S = 0, (3)
for a generic renormalization scheme R, with
βRη = η
∂gR
∂η
∣∣∣∣
gM ,mM
, γRm,η =
η
mR
∂mR
∂η
∣∣∣∣
gM ,mM
, (4)
where mM is defined below. This is the RG equation for η, denoted by RGE(η). It
is well defined at  = 0 since, by construction, the renormalized parameters gR and
mR are finite. Note that it is not possible to derive a similar equation involving the
renormalized n-point Green’s function G
(n)
R , written as
G
(n)
R = Z
−n/2
φ G
(n)
0 , (5)
where Zφ is the usual field renormalization factor. The bare parameters g0 and m0
do indeed depend a priori on the regularization scale η and G
(n)
0 is not a physical
observable.
The RGE(M) equation is derived similarly, with[
M
∂
∂M
+ βM
∂
∂gM
+mM γm,M
∂
∂mM
]
S = 0, (6)
and
βM = M
∂gM
∂M
∣∣∣∣
g0,m0
, γm,M =
M
mM
∂mM
∂M
∣∣∣∣
g0,m0
. (7)
An identical equation for the n-point Green’s function G
(n)
OMS can be also derived in
this case since in the OMS scheme the S matrix is equivalent to the Green’s function.
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The RG equation (3) involves the S matrix only, with no reference whatsoever on
the anomalous dimension. It concerns for instance the renormalized coupling constant
gMS(η) and mass mMS(η) in DR with the MS renormalization scheme (denoted by
DR + MS in the following). The RG equation (6) refers to the S matrix or to the
n-point Green’s function in the OMS scheme using DR. It concerns the physical
coupling constant gM (M) and pole mass mM . Note that when dealing with particles
which are asymptotic states, the pole mass mM is by definition a physical parameter,
with mM ≡ m. It is thus independent of the renormalization point M , so that
γm,M ≡ 0 in this case.
3.2 Calculation of the coefficients
3.2.1 The β functions
We shall illustrate our purpose in the following using the φ4 theory. The physical
coupling constant gM - calculated at the two kinematical variables (s0, t0) necessary
to completely fix the conditions of the reaction - is defined from the physical scattering
amplitude according to
T (s0, t0) ≡ gM (M). (8)
All physical observables correspond, by definition, to  = 0. This is the case for gM in
Eq. (8). It is thus dimensionless. To avoid any confusion, we shall denote by a hat all
dimensionful coupling constants defined in DR at  6= 0. Only the dimensionful bare
coupling constant gˆ0 is in fact relevant for the following discussion.
In terms of the coupling constants gˆ0 and gR, we have
T (s0, t0) = lim
→0
[
gˆ0 [1 + Λ0(M,η)]Z
2
0
]
(9a)
= gR [1 + ΛR(M,η)]Z
2
R, (9b)
where the vertex functions Λ are decomposed according to
Λ0 = ∆Λ + Λ
0
F , (10a)
ΛR = ∆Λ + ∆Λ
R
CT + Λ
R
F . (10b)
The usual field strength renormalization constants are denoted by Z. In these equa-
tions, the vertex function Λ0 and field strength Z0 depend on g0 and m0, while ΛR
and ZR depend on gR and mR. They both depend explicitly on η and M . The term
∆Λ in the above expressions refers to the divergent piece of the vertex functions -
apart from irrelevant constants independent of both η and M - while ∆ΛRCT stands for
the contribution from the corresponding counterterms. The ΛF terms are the leftover
finite pieces. The constants Z0 and ZR are defined similarly. Since gR, ΛR and ZR
are by construction finite, Eq. (9b) is well defined at  = 0. Note that the ΛF terms
have a priori two different contributions: the first one is the leftover finite piece of an
otherwise divergent contribution, the second one is a purely convergent contribution.
While the first one does depend explicitly on the regularization scale η, the second one
does not. It depends however explicitly on M and contribute therefore to RGE(M)
but not to RGE(η).
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Using Eqs. (8,9), the various coupling constants are related, at  = 0, by
gM (M) = lim
→0
[
gˆ0(η)Z¯0(M,η)
]
(11a)
= gR(η)Z¯R(M,η), (11b)
with, in a schematic notation,
Z¯ ≡ (1 + Λ)Z2. (12)
In the DR+MS scheme, we have simply
∆ΛMSCT = −∆Λ. (13)
The βRη function can be directly calculated starting from the finite contribution to
the vertex functions. This is at variance with the common derivation where βRη is
calculated from the divergent contribution to the amplitude, once the hypothesis that
the bare coupling gˆ0 be invariant with respect to η is made. As argued in the introduc-
tion, the behavior of gˆ0 as a function of η should not be fixed a priori but calculated
starting from physical requirements.
From (11b), and the invariance of gM with respect to η, we get
βRη = −
gR[
Z¯R + gR
∂Z¯R
∂gR
] [η ∂Z¯R
∂η
+mRγ
R
m,η
∂Z¯R
∂mR
]
. (14)
The calculation of βM follows from a similar derivation. From the invariance of gR(η)
with respect to M , we have simply, always at  = 0,
βM = gR M
∂Z¯R
∂M
. (15)
The derivative with respect to M in the above equation is a shorthand notation for the
derivative with respect to
√
s0 or
√|t0|, separately, in the φ4 theory we are considering
in this study.
3.2.2 The γm function
The calculation of the γm coefficient follows from the same spirit. By definition, the
physical observable we should refer to is the physical (pole) mass m, defined, in the
case of a scalar boson, by
m2 = lim
→0
[m20 + Σ0(p
2 = m2, η)], (16)
where m0 is the bare mass of the boson and Σ0 the self-energy correction. We decom-
pose Σ0 as
Σ0 = ∆Σ + Σ
0
F . (17)
The bare mass does depend a priori on the arbitrary regularization scale η, like the
bare coupling constant gˆ0 does, as argued in Subsec. 2.2. It does not depend on M .
The physical mass does depend, by definition, on neither η nor M . In an arbitrary
renormalization scheme R, the renormalized mass is defined by
m2 = m2R + ΣR(p
2 = m2, η), (18)
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with
ΣR = ∆Σ + ∆Σ
R
CT + Σ
R
F . (19)
The contribution from the counterterms, denoted by ∆ΣRCT , may depend a priori on
η and/or M , like ∆ΛRCT in (10b). For the DR + MS scheme, we have, similarly to
(13),
∆ΣMSCT = −∆Σ. (20)
We thus get immediately, from (18),
γRm,η = −
1
2m2R
[
1 + 12mR
∂ΣR
∂mR
] [η ∂ΣR
∂η
+ βRη
∂ΣR
∂gR
]
. (21)
4 Simple example
In the following, the index R refers always to the DR+MS scheme, for simplicity of
the notations.
4.1 φ4 theory in the two-loop approximation
The behavior of the renormalized parameters gR and mR can be directly obtained at
 = 0 using (14) and (21). From the calculations of Ref. [10], we get for the β and γm
coefficients, at the one-loop order
β(1)η = 3
g2R
(4pi)2
, (22a)
γ(1)m,η =
1
2
gR
(4pi)2
, (22b)
and at the two-loop order
β(2)η = −
17
3
g3R
(4pi)4
, (23a)
γ(2)m,η = −
5
12
g2R
(4pi)4
. (23b)
The full scale-dependent contributions to gR and mR are given explicitly below, in
Eqs. (34), (37) and (38). While the physical hypothesis we assume in this study
to calculate the βη and γm,η functions - starting from the invariance properties of
physical observables - are quite different from the one used up to know - assuming the
independence of the bare parameters as a function of the regularization scale - we get
the same, scale-independent, RG coefficients to this non-trivial order.
Let us analyze in more details the connection between these two hypothesis, called
hypothesis 1 and 2, respectively. In the standard derivation (hypothesis 2), gˆ0 as well
as m0 are assumed to be independent of µ. Since gˆ0 is dimensionful, it should thus be
written in this case as
gˆ0 = g
st
0 (M0)
, (24)
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where M0 is a given unit of mass, independent of µ, as defined for instance in (2).
Since in this hypothesis gˆ0 is assumed to be independent of µ, g
st
0 is also independent
of µ. With this hypothesis, the calculation of any physical observable, and hence also
of gM (M), is thus trivially independent of µ: the hypothesis 2 is compatible with the
hypothesis 1.
This, of course, does not imply that both hypothesis are equivalent! The invariance
of physical observables in hypothesis 1 - calculated by definition at  = 0 - cannot
induce any constraint on the behavior of gˆ0 at  6= 0 since gˆ0 is singular in the limit
→ 0 in DR. On the other hand, a given hypothesis on the behavior of gˆ0 at  6= 0 -
as done for instance in the standard approach in hypothesis 2 - can induce a constraint
on the physical coupling constant gM at  = 0 since any theoretical physical observable
should be finite in the limit → 0.
Let us see how this works in practice in a simple one-loop calculation. The bare
coupling constant is related to the renormalized one by the standard relation
gˆ0 =
Z1
Z22
gR µ
, (25)
where Z1 and Z2 are the usual vertex and field renormalization constants. This relation
is only defined at  6= 0 since gˆ0 as well as Z1 and Z2 have poles in , in DR. Our
derivation starting from (14) leads to the value (22a) of the βη function calculated
at  = 0. On the other hand, starting from (25) and with the hypothesis 2 that gˆ0
is independent of µ, we get, at  6= 0, the standard expression for the βη function,
denoted by βstη ,
βstη = −gR + 3
g2R
(4pi)2
. (26)
The term −gR in (26) is essential in order to get the independence of gˆ0 as a function
of η, from Eq. (25).
How could we recover Eq. (26) from our analysis? This requires to extend the
physical coupling constant in (11a) at  6= 0. This extension is not unique. It can be
done, for instance, in two different ways, according to
(a) gM (M) → gM (M) µ, (27a)
(b) gM (M) → gM (M) (M0). (27b)
The case (a) is the analogue of the definition of the dimensionless renormalized cou-
pling constant in DR, with gˆR = gR µ
, while case (b) is the analogue of the extension
(24) used in the standard derivation. From (11a) extended at  6= 0, we can thus
calculate the behavior of gˆ0, characterized by
βˆ0 = η
∂gˆ0
∂η
, (28)
from the invariance of gM with respect to η. We get immediately, with these two
possible extensions at  6= 0,
β(1,a)η = 3
g2R
(4pi)2
, (29a)
β(1,b)η = −gR + 3
g2R
(4pi)2
. (29b)
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Note that with our choice (a), the β
(1,a)
η coefficient has no contribution −gR, even-
though it is calculated at  6= 0. With these values, we can then calculate directly βˆ0
from (25) without any new hypothesis. We get :
βˆ
(1,a)
0 = µ

[
gR + 6
g2R
(4pi)2
]
, (30a)
βˆ
(1,b)
0 = 0. (30b)
(30c)
While we recover our results (hypothesis 1) with choice (a), leading to a nonzero
contribution for βˆ0, we recover with choice (b) the standard hypothesis (hypothesis
2). Defining the bare dimensionless coupling constant g0 by the natural expression
gˆ0 = g0 µ
, (31)
we get, always at  6= 0,
β
(1,a)
0 ≡ η
∂g0
∂η
= 3
g2R
(4pi)2
. (32)
It is equal to β
(1,a)
R which is also equal to the value of βR calculated in (22a) at
 = 0. We recover with choice (a) the universality of the β function in the one-loop
approximation, including the bare coupling constant.
4.2 Decoupling properties
In order to exhibit the connection between the M -dependence of gM and the η-
dependence of gR, let us write Eq. (11b) in a more transparent way,
gM (M) [1 + ∆gM (gM ,M)] = gR(η) [1 + ∆gR(gR, η)] ≡ g¯. (33)
We have expressed in this equation all η-dependent contributions in terms of gR,
while the M -dependent contributions are expressed in terms of gM , as well as the
constant terms. This separation is a necessary condition in order to guarantee that
the renormalized and physical coupling constants calculated from Eq. (11b) depend
only on η and M , respectively. A similar decoupling occurs also when the renormalized
coupling constant, in the DR+MS scheme, is replaced by the bare one defined in (31),
since the relation between the two coupling constants is M-independent, according to
(25). The decoupling equation (33) exhibits also an invariant parameter which we
called g¯. It is independent of both M and η, but depends implicitly on the choice of
the unit of mass M0.
This decoupling of the η- and M -dependences is of course not trivial. We can
easily see that it is indeed the case in a simple one-loop calculation, with, always in
the φ4 theory 3,
∆g
(1)
M (gM ,M) =
1
2
gM
(4pi)2
I(s0, t0), (34a)
∆g
(1)
R (gR, η) = −
3
2
gR
(4pi)2
Log (η2), (34b)
3In all these calculations, we have taken M0 ≡ m. We also included irrelevant constants in a redefinition
of η, like in the MS scheme.
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with
I(s0, t0) = J(s0) + J(t0) + J(4m
2 − s0 − t0), (35)
and
J(s) =
∫ 1
0
Log
[
m2
m2 − sx(1− x)
]
dx. (36)
In the two-loop calculation within the φ4 theory we have done in this study, we checked
that this is also the case, with, for the simplest and most interesting expression ∆g
(2)
R ,
∆g
(2)
R (gR, η) =
1
12
g2R
(4pi)4
[
34 Log (η2) + 27
[
Log (η2)
]2]
. (37)
A similar separation occurs also for the renormalized mass. We get in this case
m2 = m2R
(
1− 1
2
gR
(4pi)2
[
Log(η2) + 1
]
+
1
12
g2R
(4pi)4
[
17 Log(η2) + 6
[
Log(η2)
]2])
,
(38)
up to terms independent of η at order g2R, which are irrelevant for the calculation of
γm at that order. This expansion is reminiscent, in a one-loop calculation, to what
has been found using TLRS in Ref. [11] for the calculation of radiative corrections to
the Higgs mass in the Standard Model.
Note that this decoupling is also true when the perturbative series, calculated in
the one-loop approximation, is resummed to all orders, like in QED for instance. We
get in this case, with M2 ≡ Q2,
αM (M) =
αR(η)
1 + αR(η) (AM +Aη)
, (39)
and
AM = − 2
pi
∫ 1
0
x(1− x) Log
[
m2 + x(1− x)M2
m2
]
dx,
Aη =
1
3pi
Log(η2).
We thus have the following decoupling relation:
αM (M)
1−AM αM (M) =
αR(η)
1 +Aη αR(η)
≡ α¯, (40)
with
α¯ = αM (M = 0) = αη(η = 1) ≡ α (41)
where α is the fine structure constant.
5 Discussion and conclusions
Starting from a well-behaved local Lagrangian regularized by DR, we have separated
in this study two different RG equations. The first one, called RGE(η), concerns the
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S matrix only. It is based on the invariance of any theoretically calculated physical
observable on the regularization scale η. The second one, called RGE(M), concerns
also the S matrix. It is based on the invariance of any physical observable on the
renormalization point M used to fix, from an experimental measurement, the value
of the bare or renormalized parameters of the Lagrangian. We recall that this latter
invariance is true and only true if the Lagrangian we start from is adequate to describe
the physical processes under consideration in a given domain of energy and with a given
accuracy (strong invariance condition). These two RG equations are complementary:
RGE(M) entails the full physical significance of the dynamics of the system, while
RGE(η) guaranties the theoretical consistency of the calculation, independently of the
relevance of the Lagrangian we start from to describe the full dynamics of the system
under consideration (weak invariance condition). While a strong invariance condition
implies a weak one, the reverse is of course not true. Note also that η is a single scale
while M can be a multiple scale, like in the φ4 theory.
In view of our results, it is interesting to come back to the usual hypothesis made in
the literature for the calculation of the coefficients of the RG equations. It is assumed
in this case that the bare parameters - the bare dimensionful coupling constant gˆ0 and
the bare mass m0 - are independent of the dimensionful scale µ of DR. Contrarily
to the derivation of the RG equation itself - starting for instance from the invariance
of the S matrix - this hypothesis does not rely on any requirement based on physical
principles. As mentioned in Subsec. 2.2, the bare parameters are not physical observ-
ables, and should thus depend a priori on the way the local Lagrangian we start from
is regularized in order to be well-behaved from the very beginning.
The relationship between the two approaches can be understood as follows. Any
hypothesis on gˆ0 cannot rely on physical grounds since it necessitates to extend the
coupling constant, either physical or renormalized, at  6= 0, as it can be seen, for
instance, from Eqs. (11). This extension is not unique. The standard approach as-
sumes implicitly an extension of the physical coupling constant given by (27b), i.e.
independent of µ, by analogy to the construction of gˆ0 in (24). On the other hand,
an extension of gM at  6= 0 analogous to the construction of the renormalized cou-
pling constant in DR, with (27a), leads to a scale-dependent bare coupling constant
gˆ0, with a non zero β function βˆ0, given by (30a). In this case, the (dimensionless)
bare coupling constant and the renormalized one have the same regularization scale
dependence in a simple one-loop calculation in the φ4 theory, as shown in Eqs. (29a)
and (32). Moreover, all relevant coupling constants g0, gR and gM are extended in this
case, at  6= 0, by the universal relation
gˆ = g µ. (42)
This is indeed a natural condition since the extension of the Lagrangian at  6= 0
should be done independently of the way this Lagrangian is defined in terms of the
bare, renormalized or physical fields. With this universal extension, the dimensionful
bare coupling constant gˆ0, like the bare mass m0, does depend on the regularization
scale, contrarily to what is usually assumed in the literature.
We argued in this study that the relevant regularization scale in DR should be
dimensionless. While this is definitely not ruled out by any physical or mathematical
principle, the dependence of gR on a dimensionless variable is indeed a necessary
condition in order to get a non zero massless limit for its β function. Since the
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βRη function is mass independent, it should be non zero in the massless limit. The
renormalized coupling constant gR(η) should thus be scale-dependent in this limit.
This is however only possible if the regularization scale η is a dimensionless quantity.
This would not be the case with a dimensionful regularization scale parameter µ since
in the absence of any other parameter with the dimension of a mass at the level of the
Lagrangian, the dimensionless quantity gR should be independent of µ, with hence a
zero β function.
The behavior of gM (M) in the massless limit, on the other hand, proceeds differ-
ently since η and M are of different nature, as already argued in Subsec. 2.1. The
regularization scale is completely arbitrary and nonphysical, and it should not be fixed
in any way by a physical measurement. Once a unit of mass is defined by a single
measurement called M0 in (2), this arbitrariness can only be accounted for by a di-
mensionless quantity which we have called η. On the other hand, M is also arbitrary,
but it is fixed, by definition, by a physical measurement. This measurement implicitly
assumes a given unit of mass, so that measuring M or m fixes also equivalently the
value of M0.
It is interesting, in this context, to discuss the case of massless QCD. On the
one hand, the dimensionless renormalized coupling constant gR(η) in the DR + MS
scheme does depend on the dimensionless regularization scale η. It cannot therefore
depend on the QCD parameter ΛQCD since there is no other parameter with the
dimension of a mass to compensate at the level of the renormalized Lagrangian. This
is moreover consistent with the fact that this Lagrangian indeed knows nothing about
the spontaneous breaking of chiral symmetry and the appearance of condensates in
physical systems, in a given domain of energy. On the other hand, the effective
coupling constant gM (M), extracted for instance from the Bjorken sum rule [8], does
depend on the mass parameter ΛQCD which can be associated to the spontaneous
breaking of chiral symmetry, with a value of the order of the mass scale of the quark
condensate, for instance. This effective coupling constant does depend on M through
the dimensionless ratio M/ΛQCD, showing asymptotic freedom for large M . Note that
in absence of any condensates, gM should be independent of M since there would be
no mass parameter to compensate for M .
The value of ΛQCD extracted from the analysis of gM is thus universal in the sense
that it does depend neither on the regularization procedure nor on the renormalization
scheme which have been chosen in order to perform the calculations, since a physical
observable should be independent of them. It does not depend either on any mass
threshold since gM (M) incorporates de facto the right decoupling properties, as we
shall comment below. In the one-loop approximation, it does not depend also on
the process used to extract the effective coupling constant. It should therefore be
determined in the high energy limit in order to minimize this model dependence at
higher orders, thanks to asymptotic freedom [8].
We would like now to comment on the decoupling properties of heavy degrees of
freedom for the renormalized or physical parameters [12]. As it is well known, the
physical coupling constant does exhibit these decoupling properties, thanks to the
mass-dependence of the RGE(M) equation, as given for instance by ∆gM (gM ,M) in
Eq. (33). This is not anymore the case for the renormalized coupling constant in the
DR+MS scheme. These decoupling properties can of course be recovered explicitly
in this scheme in terms of an effective local Lagrangian by considering only light active
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degrees of freedom below heavy mass threshold [3]. This effective Lagrangian should
thus incorporate, in principle, additional contributions of order Q2/m2th, where mth is
the mass threshold. This procedure is, however, not at all a necessity from a theoretical
point of view.
The dependence of these coupling constants on the renormalization point M on
the one hand, and on the regularization scale η on the other hand, corresponds to two
different properties. The first one is a property of the physical state realized in Nature,
the second one is a property of the local Lagrangian we start from. The absence of
explicit decoupling for the renormalized parameters in the DR +MS scheme is thus
just a property of the local Lagrangian we start from and should not be corrected
for since it is indeed correct! The scaling properties of the renormalized parameters
should refer to all the degrees of freedom present in the Lagrangian since they reflect
its ultraviolet properties: these ones are independent of the (finite) masses of these
elementary degrees of freedom. The dependence of gR on a dimensionless scale η
prevents also any attempts to correct it for mass thresholds. The relationship between
these two different behaviors, for gR(η) and gM (M), can be clearly seen from the
decoupling of the η-dependent terms to the M -dependent ones in the calculation of
the physical coupling constant, as shown in Subsec. 4.2. The contribution ∆gM does
exhibit the decoupling of heavy degrees of freedom - gM being independent of M for
mM - while ∆gR does not.
Our derivation of the RG equations, in terms of the two complementary scales
η and M associated with the regularization procedure and with the renormalization
scheme respectively, has also important consequences, as far as the unification of the
coupling constants of the Standard Model is concerned [13]. The discussion on this
possible unification is usually made in terms of the renormalized coupling constant
gR in the DR + MS scheme. As we argued in this study, the relevant regularization
scale η should not have any interpretation in terms of a physical energy scale. It
is also dimensionless. This coupling constant is therefore not the right quantity to
look at in order to investigate the physical behavior of the Standard Model at high
energy. This question should be addressed in terms of the physical coupling constant
gM (M). In this case, the RG equation RGE(M) should be considered, in terms of
the physical scale M . This RG equation is mass dependent, and the question of the
unification of the coupling constants of the Standard Model at very high energies
should thus be investigated in the spirit of Ref. [14]. As argued in this reference, mass
corrections around the grand unification scale prevent any possibility for the coupling
constants to cross at a single point. They should just converge and merge to a single
coupling constant beyond this grand unification scale. Therefore, and in the absence
of knowledge of the grand unified Lagrangian beyond this scale, nothing can be said
quantitatively about the possible unification of interactions at this scale. This is in
complete agreement with the way the scale of new physics, determined by ΛNP in (1),
can be fixed, as mentioned there.
The determination of the scale dependence of the various parameters which enter
into the calculation of a physical process should rely on physical considerations. This
is done in our study by always relating them to physical observables. This enables
us to calculate the dependence of the bare and renormalized coupling constants and
masses on the regularization scale η. We show that using a coherent extension of the
bare, renormalized and physical parameters at  6= 0, the bare parameters of the local
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Lagrangian we start from should be regularization scale dependent, contrarily to what
is usually assumed.
We found however in a two-loop calculation within the φ4 theory, in the DR+MS
scheme, that the coefficients β and γm of the RGE(η) equation are scale-independent
and identical, at that order, to the ones already known using scale-independent bare
parameters. While this result is gratifying in the sense that it does not rule out
previous calculations in this particular model, it should be checked in a more elaborate
calculation.
As we argued in this study, the calculation of the scale dependence of the renor-
malized parameters within the DR + MS scheme can be done without the need to
reinforce by hand the decoupling of heavy degrees of freedom. This is a direct conse-
quence of the different intrinsic nature of the dimensionless regularization scale η and
the dimensionful renormalization point M . This may lead to sizeable corrections to
the calculation of physical observables in the Standard Model. The difference in the
intrinsic nature of both scales should lead also to important consequences as far as the
interpretation of the running of the bare, renormalized or physical parameters is con-
cerned. This is particularly true with the identification of the relevant regularization
scale as a dimensionless variable.
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